Experimental data on the phase sound speed of metallic glasses show anomalies in the Terahertz range, reflecting an underlying complex behavior of their phonon dispersion spectrum not yet explained. We determine the phonon dispersion curve of metallic glasses by means of massive molecular dynamics simulations, allowing us to obtain the low-q region behavior with unprecedented detail. Results confirm that the sound speed is constant below the THZ range, down to the macroscopic limit.
gion. Thus, there is a gap at the mesoscopic scale, between the ultrasound range accessible macroscopically and the Terahertz range accessible by IXS. In addition, experimental data of phonon dispersion and damping is restricted to the longitudinal modes, while the effects of the amorphous structure are expected to be more significant in the transverse polarizations. Furthermore, IXS measurements in MG offered contradictory results. Ichitsubo et al. 3 reported a hardening on the sound speed, i.e. at low q the phase velocity increases with increasing frequency, and proposed a model for fragile metallic glasses in which nanometric islands of strongly bonded regions are surrounded by a skeleton of weakly bonded regions.
This model predicts a positive deviation from the linear behavior in the phonon dispersion relation at q around the inverse of the size of the strongly bonded regions. That means that the sound velocity of nanometer-order wavelength should be higher than the corresponding to millimeter-order wavelength. However, later IXS experiments were not conclusive 45 or even contradictory 6 .
Theoretical models and experimental results in other types of glasses have also predicted transitions between different regimes of phonon dispersion and damping at the nanometerscale. Schober 7 stressed the importance of quasi-localized vibrations (QLV) in the phonon spectrum of glasses. The coupling of QLV would be the origin of the Boson Peak, and thus the high wavenumber regime would display hybridization between phonons and QLV.
In this model the positive dispersion, i.e. the change from "soft" (lower speed) to "hard" (higher speed) phonon propagation, is observed at the frequency corresponding to the BP maximum. The model predicts also a change in the increase of the broadening of the phonon branch from a ∝ ω 4 to a lower power-law with exponent depending on the parameter values used in the model. A transition of the damping behavior from ∝ q 4 to ∝ q 2 was observed in densified SiO 2 , in this case attributed to a change from amorphous to crystal-like vibrational dynamics 8 . Positive deviation of the phonon dispersion was also observed in disordered systems like liquids where it has been explained using the mode coupling theory 9 .
Molecular dynamics (MD) simulations may help to fill the gap, but low wavenumbers are only accessible in very large boxes. Furthermore, most of the available results were obtained by using Lennard-Jones (LJ) or soft-sphere (SS) potentials 101112 . Marruzzo et al.
12
simulated a binary mixture of 10 7 particles with a SS potential, and showed that the spatial fluctuations of the elastic constants on a microscopic length scale are the responsible of the Boson Peak (BP) and the other elastic anomalies in the high frequency vibrational dynamics al. argue that the details of the interaction potential can play a nontrivial role and cause this discrepancy. In the same line, Monaco et al. 10 ask themselves which is the role that anharmonicity plays in glasses, as the LJ potentials of monoatomic glasses has been proven to be well described within the framework of the harmonic approximation 16 . As real glasses are anharmonic systems, the question that immediately arises is whether the LJ or the SS potentials are the proper potentials to study the dynamics of real glasses. And the contradiction remains, as until now no numerical simulation predicts the hardening of the sound speed observed experimentally. Liquid dynamics at low particle densities (high temperatures) scales with density and temperature, showing a universal behavior weakly dependent on the particular type of interatomic potential and totally independent of the long-range attractive potential tail 17 .
This density scaling dynamics is indeed observed between systems sharing the same type of bonding in different families of glass-formers. Contrarily, Berthier et al. 18 showed that this universal density scaling is violated in the dense supercooled liquid and glassy regimes.
There, the long-range details of the potential, like anharmonicity, have important effects on the dynamics of the system. The topological structure of glasses is dominated by the maximization of atomic packing and, therefore, the long-range interaction has small influence on it, but the details of the potential tail deeply affect the mechanical heterogeneity of glasses and, accordingly, their vibrational behavior 19 . The mesoscale mechanical heterogeneity (softstiff fluctuations) widely observed in simulations 20 and already detected experimentally in metallic glasses 21 is then expected to be highly dependent on the details of the particular interatomic potential of the system.
Here we report massive molecular dynamics simulations of metallic glasses dynamics using the embedded atom method. As the details of the potential are expected to have a capital influence in the expected results, the simulations are compared to those of crystalline materials of similar compositions. Hardening of the sound speed is observed in the analyzed compositions, and a model accounting for its origin is presented. 
II. MOLECULAR DYNAMICS SIMULATIONS
where φ ij represents the pair energy between atoms i and j separated by a distance r ij , and F i is the embedding energy associated with an atom i placed into a local site with electron density ρ i . The electron density is calculated using
where f j is the contribution to the electron charge density from atom j at the location of atom i. In order to describe the interaction between the elements in the alloy the pair energy φ ab between each possible pair must be supplied in addition to the electron density ρ and the embedding energy F for each of the elements. EAM has been successfully used in the study of metallic glasses, though it has been shown that specific potentials must be used to Simulations were performed on cubic and high aspect ratio rectangular boxes of dimensions l x : l y : l z with l x l y = l z . In this way, the wavenumbers accessible on the x direction (long edge) are much lower than in the y and z directions (short edges), allowing us to explore the phonon dispersion and damping in the low wavenumber region without an excessive increase in the number of simulated atoms. Figure 1 shows the geometry of a 10:1:1 box.
FIG. 1. Box geometry
The Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) code 25 was used, with a timestep of 0.001 ps and periodic boundary conditions. The parameters of the simulated systems are given in Table I . In the glassy systems the liquid was equilibrated in NPT conditions at 2000 K for 2 ns, then it was quenched at the desired quenching rate down to 300 K. The glasses were subsequently equilibrated during 2 ns in NPT conditions before computing the static and dynamic structure factors, which were computed in NVT conditions for 1 ns. The values obtained along different directions and boxes are in excellent agreement, indicating that the box shape is not influencing the phonon dynamics.
The density of states g(ω) was computed as the Fourier Transform of the velocity self correlation function, defined as
The static structure factor S(q) was computed as the Fourier Transform of the pair distribution function g(r):
The dynamic structure factor was computed as the self-correlation of the particle current functions j α ( q, t),
where α = L, T stands for longitudinal and transverse excitations respectively, q is the wavevector, ω is the excitation frequency, N is the number of particles and
r i (t) and v i (t) being the position and velocity of particle i at time t, respectively.
In order to study the dispersion curve and the damping of the acoustic waves the Dynamic structure factor S α ( q, ω), computed for each wavenumber q as a function of the frequency ω, was fitted to a damped harmonic oscillator response
where Ω q is the eigenfrequency and Γ q accounts for the broadening of the phonon excitations at wavevectors of modulus q.
III. RESULTS Figure 2 shows the static structure factor of the simulated glasses. Despite the very different compositions, S(q) shows very similar features in the two glasses. The effect of the quenching rate in the amorphous structure is almost not perceived in both cases. S T ( q, ω) shows the same behavior. To understand the origin of this second resonance,
is plotted for two values of q in this case. The low-frequency resonance behaves as the expected acoustic branch; the resonance frequency increases with the wavenumber and its intensity decreases as q increases. On the contrary, the high-frequency resonance has an almost constant shape, independent of q. Its low intensity makes it difficult to detect at low q although it is always present. The partial dynamic structure factors, also shown in the figure,
show that only Si atoms contribute to the high-frequency resonance. This indicates that rather than an optical phonon branch, this resonance is associated to Einstein oscillators created by a sort of caging effect of the Si atoms. Note that the corresponding Einstein temperature is about 550 K, while the glass is being simulated at 300 K. Einstein oscillators were already reported in MGs 27 , but with much lower energies. In these cases they were associated to phonon localized modes, while here they seem to correspond to individual atomic movements. However, Hosokawa reported recently unexpected vibrational modes in that the dependence should change again to ω 4 at very low ω due to Rayleigh scattering, as found in LJ glasses 10 and other glasses like glycerol and some network glasses 31 . In our case the dispersion on the data increases noticeably below 3 THz in longitudinal excitations and may admit an ω 4 dependence, but at very low frequencies this behavior is lost. This dispersion is due to the very long simulation times needed to compute the eigenfrequencies corresponding to very low wavenumbers, and does not allows us to confirm or discard the ω 4 dependence. In the case of transverse excitations the characteristic frequencies are always lower than for longitudinal excitations, and the required simulation times are even longer.
Accordingly, the dispersion of the data that may correspond to an ω 4 dependence appears at lower frequencies than for longitudinal excitations. It order to ensure that these results are actual features of the glass dynamics, not due to the EAM potential used in the simulations, crystalline ZrCuAl -Fd3m space groupwas also simulated at 300 K using the same potential. 
where L and T stand for longitudinal and transverse, ω L,T (q) are the eigenfrequencies of L and T excitations with wavevector q and a is the lattice parameter. Thus, the crystalline structure shows no signs of hardening, and an explanation for the anomalies observed should be related to the glass structure.
IV. MODEL OF THE DISPERSON RELATION
Phonon dispersion curves in binary metallic glasses were computed by using pseudopotential methods 2933 , obtaining simple dispersion relations close to the classical sinusoidal
where Q L is somewhat less than the position of the first diffraction peak -i.e. the wavevector at the boundary of the pseudo-Brillouin zone -and Q T > Q L . The longitudinal and transverse amplitudes are given by
these computations did not predict any hardening of the phase sound speed.
The red lines in Figure 7 show the expected behavior of simple sinusoidal relations of dispersion corresponding to two values of the shear modulus G . The lower one is drawn for the value of G corresponding to the macroscopic value of c T ; we will call it soft. The discrepancy with the simulated data is striking. On the contrary, the high frequency region is well fitted by a simple sinusoidal relation of dispersion computed for a much higher value of the shear modulus than for q → 0; will be referred as hard. In order to model the transition from soft to hard dispersion relations we propose a simple Maxwell model of a viscoelastic transition. In the Maxwell model the bulk and shear modulus depend on the frequency,
where K 0,∞ and G 0,∞ are the bulk and shear modulus at macroscopic (ω → 0) and infinite frequencies, respectively. The blue line in 7 is a qualitative fit of such a viscoelastic transition to the low frequency region of the transverse phase sound speed. The parameter τ corresponds to the characteristic relaxation time of the Maxwell model, and it allows us to define a corresponding threshold frequency ω h = τ −1 .
The resulting relations of dispersion can be solved analytically. The phase speed of longitudinal and transverse oscillations is then
The dark solid lines in figure 4 show the fit of c L and c T by using equations (5)- (7). The fit was performed simultaneously on both speeds, the fitting parameters being K 0,∞ , G 0,∞ , Q L,T and τ . Table II shows the results of the fits. The fitted value of Q L for all materials and quenching rates is somewhat lower than Q Lexp , the q value of the first peak of the static structure factor S(q) shown in figure 2 , as expected. The magnitude of the hardening due to the frequency dependent elastic modulus is noted by comparison with the expected phase speed obtained without the frequency correction (cyan solid line in Figure 4 ). While the bulk modulus remain constant at all frequencies, the shear modulus increase in the infinite frequency limit by 50% in Zr 50 Cu 40 Al 10 and is more than doubled in Pd 82 Si 18 . This fact explains why the effect is pronounced in the transverse phase sound speed, while it is much more subtle in the longitudinal sound speed. The frequency ω h , associated to the relaxation time τ , lays just above the Boson Peak for both materials, shown in figure 6.
The frequencies ω Γ,(L,T ) of the ω 2 /ω crossover, determined from Figure 5 are also shown in Table II picture, though a further structural characterization is needed to assure the validity of the QLV description.
The ability of a simple Maxwell model to describe this soft/hard transition can be interpreted in terms of the presence of a relaxation process; vibrations faster than the characteristic relaxation see a stiffer structure. The presence of elastic relaxations or non-affine rearrangements, with characteristic times of the order of the picosecond, is a known characteristic of amorphous structures 34 . They have been estimated to be responsible of a reduction of around 10% (Bulk) and 30% (Shear) of the elastic constants respect to the "Born terms" 
